For an imaginary quadratic field k of class number > 1, Jordan proved that there are only finitely many isomorphism classes of rational indefinite quaternion division algebras B such that the associated Shimura curve has krational points and k splits B. In this article, we study the case where k does not split B, and obtain an analogous result by imposing a certain congruent condition on the discriminant of B.
Introduction
Let B be the set of the isomorphism classes of indefinite quaternion division algebras over Q. For B ∈ B, let d(B) be its discriminant, and M B the associated Shimura curve over Q. By [8, Theorem 0], we have M B (R) = ∅. Let k be an imaginary quadratic field, and h k its class number. Let We see that B sp,k and B ns,k are infinite sets. For the finiteness of B sp,k (k), we know the following: (2) If h k > 1, then B sp,k (k) is a finite set.
We are interested in the finiteness of B ns,k (k), and study its certain subset by a technical reason. Let
• B ns,k,1 (k) := B ns,k,1 ∩ B(k).
Note that B ns,k,1 is an infinite set. The main result is: Theorem 1.2. If h k > 1, then B ns,k,1 (k) is a finite set.
The proof of Theorem 1.2 is given in §3,4. §2 is devoted to its preparation. Rational points on M B are studied in slightly different contexts in [1] , [2] , [7] , [9] .
Notation
For a number field K, fix an embedding K ֒→ C. We use the following notations, where Q is a prime of K:
• |a|: the absolute value of a ∈ C,
• a: the complex conjugate of a ∈ C,
• O K : the ring of integers of K,
• Cl K : the ideal class group of K,
• K: an algebraic closure of K,
• K ab : the maximal abelian extension of K inside K,
• κ(Q): the residue field of Q,
• l Q : the characteristic of κ(Q),
• N Q : the cardinality of κ(Q),
Isogeny characters
Assume h k > 1 from now to the end of this article. Let S 0 be the set of nonprincipal primes of k which split in k/Q. Then S 0 = ∅ since h k > 1. Fix a finite subset ∅ = S ⊆ S 0 which generates Cl k . Let h be the largest order of the elements in Cl k . For each prime q of k, fix an element
q . We sometimes write β = β q if there is no fear of confusion. Let
Note that A 1,q and A 2,q are independent of the choice of β q , because O × k = { ±1 }. For a subset A ⊆ Z, let P(A) be the set of prime divisors of some of the integers in A \ { 0 }. Let N be the set of integers N ∈ Z such that
• N is a discriminant of a quadratic field, and
• for any prime number 2 < l <
Then N is a finite set ([6, Theorem A]). Let B ∈ B ns,k,1 (k). Fix a maximal order O of B, a point x ∈ M B (k), and a prime divisor p | d(B). We will prove
where Ram is the set of prime numbers which are ramified in k.
Let K be a quadratic extension of k.
be a canonical isogeny character at p (cf. [5, Definition 4.5]), and
be the composition
where tr K/k is the transfer map. Let
Lemma 2.1. Up to p-th power, ϕ 4 is independent of the choice of K.
] (see [4, Theorem 5 .12]). Then the group of automorphisms of (A, i) defined over k is { ±1 }, and the assertion follows from the same argument as in the proof of [3, Lemma 5.3] .
Let p be a prime of k above p, and P a prime of K above p. Let β ∈ κ(p) be the reduction of β modulo p. Let
where ω is the Artin map and ϕ ab the character associated to ϕ.
, and χ p−1 = 1. We see that χ is unramified outside p. By [5, Proposition 4.7 (2)], ̺ 12 is also unramified outside p. Then χ and ̺ 12 are identified with characters
The Galois group G K acts on the p-adic Tate module T p A, and we have an associated representation
Here, Aut O (T p A) is the group of automorphisms of T p A commuting with the action of O. Let Nrd Bp/Qp be the reduced norm on
.
3 The case where p is inert in k Proposition 3.1. Suppose that p > 7 and that p is inert in k. Then: (2) By replacing K if necessary, we may assume that p is inert in K. Suppose that we are in the situation of Proposition 3.1 (2) . Then p = pO k and p ∈ S 0 . We consider three cases:
Proof. Suppose p > 23, and fix q ∈ S 0 . We may assume that p is inert in K and that q is ramified in K. Then P = pO K = pO K . By Proposition 3.1(1), there is an element b ∈ { 12, 12p, 4(p + 2), 4(2p + 1), 6(p + 1) } such that r(P)
K,P . Let q = l q , and let Q be the (unique) prime of K above q. Then N Q = N q = q and
q ), which are proved as follows:
For simplicity, write β = β q .
is the idèle of K where the component above p is 1 and the others β (resp. the idèle of K where the component above p is β −1 and the others 1). By [5, Proposition 5.3] , we obtain a(
(ii) Suppose a(F On the other hand, the roots of X 2 − a(F Q )X + q = 0 are π, π, and so ππ = q, a(F 24h Q ) = π 24h + π 24h . We see that π 24h , π 24h are the roots of (3.1) since a(F 24h Q ) = Tr k/Q (β 24 ). Then we have an equality of unordered pairs β 24 , β 24 = π 24h , π 24h , and so
We show β 24 ∈ Q. Assume otherwise, i.e. β 24 ∈ Q. Then q 24h = N 24h q = β 24 β 24 = (β 24 ) 2 , and so β 24 = ±q 12h . Therefore q 24h = β 24 O k = q 12h O k and q 2 = qO k . This implies that q is ramified in k/Q, which contradicts q ∈ S 0 . Then β 24 ∈ Q. Comparing the degree, we have Q(π) = Q(π 24h ) = Q(β 24 ) = Q(β) = k. Then π ∈ k. Since ππ = q, we have q = πO k or πO k . This implies that q is principal, which contradicts q ∈ S 0 . Then (ii) has been proved.
Since a(F 24h Q ) ∈ C q , we conclude p ∈ P(A 1,q ) by (i) and (ii).
[Case c = 8(p + 2) and p ≡ 1 mod 3].
Proof. Fix q ∈ S 0 . We may assume that p is inert in K and that q is ramified in K.
There is an element b ∈ { 12, 12p, 4(p + 2), 4(2p + 1), 6(p + 1) } such that r(P)
8 are the roots of
On the other hand, the roots of X 2 −a(F Q )X +q = 0 are π, π. Then
Tr k/Q (β 8 ) and ππ = q, so that
and
q 8h are the roots of (3.2). Hence
, and so
By the same argument as in the proof of Proposition 3.3, we have β 8 ∈ Q. Then Q(π) = Q(π 24h ) = Q(β 8 ) = Q(β) = k, and so π ∈ k. Since ππ = q, we have q = πO k or πO k . This contradicts q ∈ S 0 . Then (ii) has been proved. Therefore p ∈ P(A 2,q ). Note that we do not use the condition p ≡ 1 mod 3.
[Case c = 12(p + 1) and p ≡ 1 mod 4].
First, we prove:
Lemma 3.6. Suppose that p is inert in K and that any prime in S is ramified in K. Then:
is unramified outside p, we have only to show that it is unramified at P (= pO K = pO K ). Since p > 7 and p ≡ 1 mod 4, we have p > 11. There is an element b ∈ { 12, 12p, 4(p + 2), 4(2p + 1), 6(p + 1) } such that r(P)
is unramified at P. (2) Fix q ∈ S, let q = l q , and let Q be the prime of
12h and π 24h π 24h = q 24h . Therefore π 24h = π 24h = q 12h . We claim π 24 = q 12 . Since π 24h = π 24h , we have π = ζπ for some ζ ∈ C with ζ 24h = 1. Since Q(π) = Q(π) = Q(ζπ) = Q(π, ζ) ⊇ Q(ζ) and [Q(π) : Q] = 2, we have ζ 4 = 1 or ζ 6 = 1. Then ζ 12 = 1. This implies π 12 = ζ 12 π 12 = π 12 , and so π 12 ∈ Q. Since |π| = √ q, we have π 12 = ±q 6 . Therefore
Since S generates Cl k , the assertion follows.
Proof of Proposition 3.5. Assume p ∈ P(A 3 ). For any prime number q < p 4
that is not inert in k, we show q p = −1 as follows: Let q be a prime of k above q. We may assume that p is inert in K and that any prime in S ∪ { q } is ramified in K. Let Q be the prime of K above q. Since q is not inert in k, we have N Q = N q = q. Recall α 6 = ̺ 12 χ −6 . By Lemma 3.6, we have α(
. Recall p ≡ 1 mod 4. Then ∈ Z, and so α p+1 2 = 1. We also see that
Since ππ = q, we have (π + π) 2 ≡ q or 4q mod p. Then (π + π) 2 = q or 4q because 4 The case where p splits in k
Suppose that p splits into p 1 , p 2 in k. Then p ≡ 1 mod 4 since B ∈ B ns,k,1 (k).
Proof.
(1) For j = 1, 2, let P j be the prime of K above p j . We have r(P j ) 12 (u) = u −12 (see [5, Proposition 4.8] ) and χ(u) = u −2 for any u ∈ O × K,P j , j = 1, 2. Then ̺ 12 χ −6 is unramified at P 1 , P 2 .
(2) Assume p ∈ P(A 3 ) ∪ { l q | q ∈ S }. Let q ∈ S, q = l q , and let Q be the prime
(β mod p j ) 12 ≡ Norm k/Q (β) 12 mod p. Here, (1, 1, β, · · · , β, · · · ) (resp. (β −1 , β −1 , 1, · · · , 1, · · · )) is the idèle of K where the components above p are 1 and the others β (resp. the idèle of K where the components above p are β −1 and the others 1). Since Norm k/Q (β) 12 = q 12h , we have ̺(F Q ) 24h ≡ q 12h mod p. On the other hand, ̺(F Q ) ≡ π mod p 0 . Then q 12h ≡ π 24h mod p 0 , and so p | Norm Q(π)/Q (π 24h −q 12h ) = −q 12h ((π 24h +π 24h )−2q 12h ). Hence p = q or p | ((π 24h + π 24h ) − 2q 12h ). Since p ∈ P(A 3 ) ∪ { l q | q ∈ S }, we have π 24h + π 24h = 2q 12h . Then π 24h = q 12h , and so π 24 = q 12 . Therefore ̺ 12 (qO K ) = ̺ 12 (Q 2 ) = ̺ 24 (F Q ) ≡ π 24 = q 12 ≡ χ(Q) 12 = χ 6 (Q 2 ) = χ 6 (qO K ) mod p.
Proof of Proposition 4.1. Assume p ∈ P(A 3 ) ∪ { l q | q ∈ S }. Let q < p 4 be a prime number which is not inert in k. Let q be a prime of k above q. We may assume that any prime in S ∪ { p 1 , p 2 , q } is ramified in K. Let Q be the prime of K above q. Then N Q = N q = q. By Lemma 4.2, we have α(F Q ) 12 = α 6 (qO K ) = 1. 
